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● Bands and Fermi Surface pinning.
● Broken symmetry phases.
● Long range interactions and superconductivity.

Electrons and phonons in twisted bilayer graphene



Superconductivity in graphene. March Meeting, Los Angeles 2018

Superconductivity in graphene



Cuprate superconductors

Heavy fermion compounds

Pnictides

Strongly correlated systems

Nature 583, 579 (2020)

Nature Phys. 16, 926 (2020)

Pairing due to magnetic fluctuations
Variations of the Hubbard model ?



Superconductivity and strongly correlated phases in carbon compunds

Renormalization of the Fermi velocity

Nature 462, 192 (2009)

Nature 462, 196 (2009)

Landau levels 

 

 

Superconductivity



Twisted graphene layers: theory

Nature Phys. 6, 109 (2010)



Twisted bilayer graphene: Bloch waves

● Wavefunctions at the Dirac points  have an internal structure, defined by 
phases which change at the atomic scale.

● The same wavefunction in one layer is projected onto different 
wavefunctions in the other layer, depending on the choice of phases.

K, layer 1

K, layer 1

K, layer 1

K, layer 2

K, layer 2

K, layer 2



Electronic structure

Low energy bands

Γ

K

M

Charge density distribution

Brillouin zones



Magic angles and beyond

Different charge distributions at 
different points in the Brillouin Zone

Γ Κ
 

 

● Additional Dirac points
● Bifurcation of van Hove singularities



cuprate oxides

Localized orbitals and complex unit cells

Manganite oxides 
and other double 
exchange compounds

Heavy fermion 
materials. 
Compounds with 
rare earths

electron

excitation

Hubbard → t-J model
Cuprate oxides

Quasiparticles dressed by excitations

Origin of narrow bands

Twisted bilayer graphene

● No interactions are included
● A plane wave in one layer is transferred to the other layer as a 

superposition of three waves.  
● The hamiltonian is defined by one, or two, dimensionless 

parameters.
● The energy scales are of order 100 meV



Chiral model

Hubbard model

Wannier functions

Landau levels
Van Hove singularities

Chiral model
Peaks in the density 

of states

(Some) theoretical models



Local orbitals and Wannier functions

● The underlying structure of the superlattice is a 
honeycomb lattice.

● The lattice nodes are at the centers of the regions 
where the stacking is AB aor BA.

● The Wannier functions have maxima at three lobes 
around the nodes, and non trivial phases.

This description differs significantly 
from an array of mesoscopic 
quantum dots in a triangular lattice.

https://www.condmatjclub.org



Local orbitals and Wannier functions. Fragile topology

 

The Wannier functions are not uniquely defined

Singularities in the Berry phase prevent the existence of 
exponentially localized Wannier functions. 

The “obstruction" 

 

 

Nano Lett. 21, 6475 (2021)



Number of atoms:  

Moiré unit length:

Radius of the charge distribution:

Coulomb energy:

Intraatomic (Hubbard) repulsion:

Electron-phonon coupling:

AA

AAAA

AA

AB BA

Interactions in twisted bilayer graphene



Coulomb interactions and screening in twisted graphene bilayers

arXiv:1806.05990

Bands, wavefunctions

 

Γ  point

Sketch of the 
electrostatic 
potential

● The charge distribution within the    
Moiré unit cell depends on the state.

● Away from the neutrality point, the 
charge is concentrated at the center 
of the unit cell. 

● A non uniform electrostatic potential is 
induced.

 

K  point

Proc. Nat. Acad. Sci. (USA) 115, 13174 (2019)



● Electron assisted hopping
● Assisted hopping term due to 

electrostatic interactions
● Favorable for superconductivity

New interactions in twisted bilayers

AA AA

AA AA AA

AA AA

AB AB

ABAB

AB
BA BA

BABA BA

 
 

See also



  

 

Shapes and widths of the bands:  theory

Chiral modelNon chiral model

Effect of an electrostatic (Hartree) potential



Elec. Struc. 2, 034001 (2020)

Shapes and widths of the bands:  theory



Nature 572, 95 (2019)
Nature 572, 101 (2019)

Nature 572, 91 (2019) Nature Phys. 15, 1174 (2019)

Shapes and widths of the bands: STM experiments

Nature 582, 198 (2020)



Shapes and widths of the bands: compressibility experiments

Nature 582, 203 (2020).



Electron assisted hopping



● Simple model of a superconductor by 
repulsive interactions

● p-wave
● Finite gap, with opposite signs at the 

two valleys

 

Spinless electrons in the (sublattice polarized) 
honeycomb lattice, near half filling

Sci. Adv. 2021; 7 : eabh2233 23 July 2021

Electron assisted hopping, a simple model



Δ/t=10Hartree-Fock Superconductivity

Results

● Nodeless superconductivity
● Attraction at small momenta

 

 



 

 

  

 

Attractive interaction for small momenta

Screening gives rise to new attractive interactions

 

Hartree potential

 

 

 

 

Twisted bilayer graphene

Hartree potential



Exchange term: broken symmetry phases

● Gapped phase at half filling
● Breaks C

2
 symmetry

● Spin and/or valley polarized phases 
near integer fillings
● Metallic. Small Fermi pockets

● Small energy differences

Nature 582, 203 (2020).



arXiv:2204.09619



Cascade of phase transitions in twisted bilayer graphene

Nature 582, 203 (2020).

Nature 589, 536 (2021).

Nature 582, 198 (2020)

arXiv:2101.04123 

Nature Materials (2021) 

The mean field (HF) cascade

Douglas R. Hartree Vladimir A. Fock

● The long range Coulomb interaction 
gives a qualitative explanation of 
the band deformations, and of the 
broken symmetry phases of twisted 
bilayer graphene.

● It does not identify details of the 
broken symmetry phases.



Cuprate superconductors

Heavy fermion compounds

Pnictides

Pairing due to magnetic fluctuations
Variations of the Hubbard model ?

Superconductivity and repulsive interactions

Nature 574, 653 (2019)

Nature 583, 579 (2020)

Nature Phys. 16, 926 (2020)



Superconductivity and excitations from a broken symmetry state

electron

excitation

Hubbard → t-J model
Cuprate oxides

Quasiparticles dressed by 
excitations
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Long range interactions and superconductivity: the Kohn-Luttinger mechanism
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Superconductivity mediated by 
electron-hole pairs
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Some results which describe pairing channels using  
perturbative/diagrammatic analyses of the Coulomb interaction
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Superconductivity from repulsive interactions: interband transition



Low energy excitations and charge excitations:
Electron-hole pairs, plasmons, and phonons

PNAS 116, 20829 (2019)

● Longitudinal phonon with displacements of the same sign in the two 
layers. Coupling through the deformation potential, D=20 eV.

● Longitudinal phonons with displacements of opposite sign do not 
induce global charge modulations.

● Transverse phonons couple to the velocity operator.

electron-hole pairs

plasmon

phonon

plasmon



Longitudinal phonons and electron-hole  pairs
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● Longitudinal phonons modify the 
susceptibility.
● The bare interaction is the repulsive 
Coulomb coupling 

Phys. Rev. Lett. 15, 524 (1965)
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RPA resummation

 

Repulsive interactions and pairing



Gap equation



Dependence on dielectric constant

Critical temperature for e-e 
interaction only

Critical temperatures

Bands, densities of states,
magic angle

Critical temperature 
with and without e-ph 
interaction

Results: critical temperature

arXiv:2005.12961

● The critical temperature is significantly enhanced by the 
electron-phonon interaction.

● Superconductivity correlates with the density of states at the 
Fermi level.

● The effect of external screening depends on the strength of 
the electron-phonon interaction.



Nature of the pairing interaction 

 

 
Electronic susceptibility:

Form factor:

Superconducting kernel:  

● Umklapp processes are crucial.
● Form factors lead to attractive 

interactions.
● The order parameter does not 

change sign.
● Consistent with spin singlet/valley 

triplet or spin triplet/valley singlet 
superconductivity.

Distribution of the 
matrix elements of the 
superconducting kernel

Excluding 
phonons

Attraction

Repulsion

 

Excluding phonons and 
simplifying the form factors

Including 
phonons



 

Other effects

Mechanism intrinsic to twisted bilayer graphene.
Multigap superconductor.
No sign changes in the order parameter within each 
valley. 
Weak pair breaking due to elastic scattering.

Superconducting properties



Nature Phys. 15, 237 (2019)

Nature 572, 215 (2019)

Flat bands and interactions in a graphene trilayer on a substrate

arXiv:1912.03375

Nature 579, 56 (2020)



Flat bands and interactions in an ABC trilayer on hBN

Non interacting bands as function of electrostatic bias

Bandwidth of the two 
central bands 

Chern number of the 
two central bands

Band dispersion as function of filling. Self consistent results.

Lower band Upper band
Charge densities



Nature 583, 215 (2020)
Nature 583, 221 (2020)

Flat bands and interactions in two graphene bilayers with a twist

Nature Phys. (2020) 10.1038/s41567-020-1030-6



Flat bands and interactions in a AB-AB twisted double bilayer graphene

Band dispersion as function of filling. Self consistent results.

Non interacting bands as function of 
electrostatic bias

Charge densities

Charge densities

Bandwidth of the two 
central bands 

Chern number of the 
two central bands

Lower band Upper band



Superconductivity in twisted trilayers 



arXiv:2112:09270
arXiv:2112:10760

Superconductivity in twisted multilayers



Superconductivity in twisted trilayers: theory 



Other theoretical work



Superconductivity in graphene without a moiré superlattice

arXiv:2205.05087



Superconductivity in trilayer graphene without a moiré superlattice: theory



arXiv:2205.13353

arXiv:2206.09922

Superconductivity in bilayer graphene without a moiré superlattice: theory



Superconductivity in bilayer graphene without a moiré superlattice: model

Continuum model

Pairing interaction

Screened interaction



Superconductivity in bilayer graphene without a moiré superlattice: results

Fermi surface and critical temperature

Order parameter
Effect of spin orbit coupling



arXiv:2109.12127

arXiv:2207.09494arXiv:2208.05979

STM spectroscopy of the superconducting phase



Edge modes in f-wave superconducting graphene

Toy model: graphene + “Haldane” superconducting gap

f-wave 
superconductivity. 
Constant gaps of 
opposite signs in the 
two valleys



Edge modes in f-wave superconducting twisted bilayer graphene



arXiv:2208.05979
arXiv:2207.09494

Tunneling and contact spectra in f-wave superconducting twisted 
bilayer graphene



Tunneling and contact spectra in f-wave superconducting twisted 
bilayer graphene

Contact regime: BTK limit Contact regime: Fermi 
velocity mismatch 

Contact regime: 
Intervalley scattering

Contact regime: 
spin-orbit coupling

Tunneling regime. 



Electrons and phonons in twisted bilayer graphene

 ● The largest interaction in twisted graphene bilayers near 
magical angles is the long range Coulomb interaction.  Away 
from the neutrality point, the inhomogeneous distribution of 
carriers leads to an electrostatic potential.

● The narrow bands are very fragile, and they are substantially 
changed by interactions, the substrate, strains, …

 

● Low energy excitations include hybridized plasmons, 
electron-hole pairs, and longitudinal phonons, coupled by the 
Coulomb interaction

● The screened long range interaction leads to 
superconductivity
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● Details of the potential 
induced by the hBN 
substrate, beyond spatial 
averages, matter.

● Near the magic angles, the 
flat bands are significantly 
distorted.

Black hexagon:
TBG Brillouin Zone.
Red hexagon: 
hBN-TBG Brillouin Zone

Twisted bilayer graphene almost aligned with hBN



Phys. Rev. B 103, 115110 (2021)

Phys. Rev. B 103, 075122 (2021)

Related works

Phys. Rev. B 103, 075423 (2021)



Narrow bands and strains



● The Hall effect requires the breaking of 
time reversal symmetry and bands with 
non trivial topology.

● A stationary current breaks time 
reversal.

● Materials with non trivial bands show 
Hall currents at high electric fields.

Nature 565, 337 (2019) 

Non linear Hall effect is metals with non trivial bands



Phys. Rev. B 103, 205403 (2021)

arXiv:2201.09274

arXiv:2204.02848



Twisted (chiral) phonons

arXiv:2022.04909

K phonons in graphene stacks



Twisted (chiral) phonons, theory

● Strong coupling to 
phonons

● Coupling to valley degree 
of freedom

● Flat folded bands



● Coupled Dirac phonons in a twisted background
● Hamiltonian similar to the electronic Hamiltonian
● Multiple interference processes
● Similar phonons in twisted hBN and twisted TMD’s

Twisted phonons, magic angles



Electrons and phonons in twisted bilayer graphene

 

Niels R. Walet Tomasso Cea Rory BrownPierre Pantaleon

 

● The largest interaction in twisted graphene bilayers near magical angles is the 
long range Coulomb interaction.  Away from the neutrality point, the 
inhomogeneous distribution of carriers leads to an electrostatic potential.

 

● The narrow bands are very fragile, and they are substantially changed by 
interactions, the substrate, strains, …

 

● The non trivial topology of the bands enhance non linear effects, like the non 
linear Hall effect.
 

● There are also narrow phonon bands with non trivial topology.

Also: 
V. T. Phong (U. Penn)
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H. Rostami (Nordita)



● Twisted bilayer graphene is a unique material
● There is a large number of open problems



Long range interactions and superconductivity: the Kohn-Luttinger mechanism
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Some results which describe pairing channels using  
perturbative/diagrammatic analyses of the Coulomb interaction



Static screened potential

● Effective attraction at 
distances smaller than the 
size of the unit cell
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Pairing interaction RPA resummation



 

= +

      

     

● Pairing between electrons in different valleys.
● Consistent with either spin singlet/valley triplet or spin 

triplet/valley singlet superconductivity.
● Bands calculated using the Hartree approximation.
● Instantaneous interactions.
● Convergent results as function of number of bands, 

and of the number of Umklapp processes.

The calculations



Dependence on dielectric constant

Critical temperature for e-e 
interaction only

Critical temperatures

Bands, densities of states,
magic angle

Critical temperature 
with and without e-ph 
interaction

Results: critical temperature

arXiv:2005.12961

● The critical temperature is significantly enhanced by the electron-phonon interaction.
● Superconductivity correlates with the density of states at the Fermi level.
● The effect of external screening depends on the strength of the electron-phonon 

interaction.



Results: order parameter

Magic angle 

Absolute magnitude Phase

Angle dependence 

● At the magic angle, all states contribute to the 
order parameter

● For other angles, the order parameter is 
localized near the Fermi surface.

● The order parameter takes different values in 
different pockets.



Nature of the pairing interaction 

 

 
Electronic susceptibility:

Form factor:

Superconducting kernel:  

● Umklapp processes are crucial.
● Form factors lead to attractive 

interactions.
● The order parameter does not 

change sign.
● Consistent with spin singlet/valley 

triplet or spin triplet/valley singlet 
superconductivity.

Distribution of the matrix elements of the 
superconducting kernel

Excluding phonons

Attraction

Repulsion

 

Excluding phonons 
and simplifying the 
form factors

Including phonons



 

Other effects

Mechanism intrinsic to twisted bilayer graphene.
Multigap superconductor.
No sign changes in the order parameter within each 
valley. 
Weak pair breaking due to elastic scattering.

Superconducting properties



arXiv:2103.12083

Superconductivity in twisted trilayers 



arXiv:2103.12083

Superconductivity in twisted trilayers 



Electrostatic interactions and flat bands in graphene stacks 

● The largest interaction in twisted graphene bilayers near magical angles is 
the long range Coulomb interaction.  Away from the neutrality point, the 
inhomogeneous distribution of carriers leads to an electrostatic potential.

● The electrostatic potential modifies the shape and width of the bands. These 
effects can be described in terms of an emergent interaction, electron 
assisted hopping.

● Other flat bands in graphene stacks are possible, ABC graphene+hBN, bilayer 
gaphene+ hBN, twisted bilayers, …
The effect of the electrostatic interactions on the shape of the bands 
depends strongly on the setup.

 

Niels R. Walet Tomasso Cea Rory BrownPierre Pantaleon

Narrow bands lead to correlated behavior, but not necessarily to assisted hopping
● Twisted bilayer graphene is a unique material
● There is a large number of open problems


