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Direct observation of flat bands in twisted bilayer graphene

- Experimental ARPES observation
- Multi-scale approach to match 

experimental observations



Real-space 
multiscale methodology



Multi-scale approach
vdW physics with a covalent flavor: atoms try to hybridize to minimize their energies

Large systems: limited 
applicability of DFT

Lattice reconstruction 

Classical energy minimizations and TB models to the 
rescue!

Develop an accurate force-field and simple TB model combination 
which reproduces experimental predictions quantitatively



Methodology
DFT calculations:

- Accuracy, computationally expensive
- Appropriate scheme (LDA, RPA, etc)
- For select number of commensurate stackings Classical potential fitting:

- Registry-dependent potentials 
(Kolmogorov-Crespi, Drip, ILP,...)

- Rebo, Tersoff,... intralayer potentials
- Machine learning potentials (Gap20)

Energy minimizations
- Use LAMMPS (or Gromacs, or…)
- Quantify relaxation effects such as 

lattice reconstruction, corrugation, etcLarge scale TB simulations:
- Compare rigid and relaxed structures
- Electronic band structure
- Spectral function
- Electronic transport

KLIFF

Real-space tight-binding (TB) model

(Accurate continuum models)
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New drip parameters (also for 
G-BN and BN-BN interactions)LAMMPS…



TB models: interlayer and intralayer terms

Intralayer:

- Use F2G2 models to simulate intralayer terms of hBN, G, BG, etc systems
- Add moire induced-intralayer modifications of onsite energies and 

first-nearest neighbor hopping terms

Interlayer:

- Modified two center approximation models for interlayer hoppings



F2G2 Models

- Wannierization of the pi-orbitals centered 
around the carbon atoms…

- Long-range interactions are reduced to 
relatively short-range effective models that 
capture the DFT pi-bands



TB Hamiltonian



TB Hamiltonian Average from AA, AB and BA 
commensurate cell DFT calculations



TB Hamiltonian

for

Average from AA, AB and BA 
commensurate cell DFT calculations



TB Hamiltonian



TB Hamiltonian



TB Hamiltonian

TB-mapping



TB Hamiltonian



Magic angle renormalization in tBG

Wide bracket of magic angles Magic angle at chosen value



Intra-layer force field effect



Improved intra-layer with EXX-RPA informed interlayer

Naturally recover flat band at 1.08o



Building 
the commensurate cell



Supermoire commensurate cells (e.g. hBN encapsulated BG)



Electronic structure of lattice 
relaxed alternating twist 
tNG-multilayer graphene



Experiments



System

- Alternating twists
- Sliding between layers N and N-2



2 questions

- Energetic stability?

- Accuracy of analytical magic angle predictions?



Stability: locked into double commensurate AA-stacking

See Talk by Prof. G.J. Jung:  Commensuration torques and lubricity in double moire systems



Magic angle numerical estimation: method

- Fix t2G magic angle at 1.08 degree using S
- Analytically estimate first magic for N>2 based on t2G coupling strength
- Calculate DOS for range of magic angles around this estimate (Lanczos 

recursion to tackle very large commensurate cells)
- Extract magic angle where DOS is largest`



Extracting the magic angle from DOS calculations



Magic angle reduction due to relaxation effects…

- Numerical magic angle (green) smaller than t2G-informed magic angle 
predictions (blue)

- Why…?



Magic angle reduction: explanation

- Reduced AB’ coupling strength (see red 
dotted line) when increasing twist angle 
(reduced lattice reconstruction)

- Magic angle happens at larger angle for 
larger N

Weaker coupling implies magic angle 
reduction

(In-plane relaxation degree of freedom 
contributes primarily)



Take home message:

Reduction of magic angle values in tNG due to (in-plane) relaxation effects



Effect of substrate 
on primary and secondary gaps in G on hBN



Motivation



System



Primary and secondary gap: low angle regime

- Zero alignment: suspended G/h-BN shows largest gaps
- Increased rigidication of system: weak secondary gap reduction, large primary 

gap reduction
- Small increase of primary gap around 0.5 degree
- Relatively weak contribution of average mass-term gap to global gap value



Relaxation effects to explain the gap increase



Relaxation effects to explain the gap increase



Relaxation effects to explain the gap increase



Relaxation effects to explain the gap increase



Understanding the primary gap increase: local rotation angle

Red: against global rotation
Blue: with global rotation

Simple shear strain
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Understanding the primary gap increase: local rotation angle

Increased local rotation at the AA (counter-clockwise) and AB stacking (clockwise) 
matches the larger lattice reconstruction for these angles.

Energetic stability?

AA
AB



Energetic stability



Large angle regime: robust 1 meV gap up to 30 degree



Take-home messages

- Substrate reduces the amplitude of the primary and 
secondary gaps in G-hBN

- Substrate causes larger lattice reconstruction away from 
perfect alignment

- Robust primary gap at large angle



Charge transfer in h-BN encapsulated BG



Motivations

interfacial ferroelectricity by stacking non-polar materials in a symmetry-breaking way



Types of system



Charge transfer in BG on hBN

Larger charge on 
contacting G layer

Larger charge on 
remote G layer

No charge transfer



Charge transfer in encapsulated systems

Energetic stability



Sliding-dependence of the charge transfer

Red: more charge on layer 2

Blue: more charge on layer 3



Shared colormap range…
Red: more charge on layer 2

Blue: more charge on layer 3

Largest charge transfer



Understanding…
Red: more charge on layer 2

Blue: more charge on layer 3



Effect of rotation

- Twisting away from alignment: 
decoupling between layers

- At 5 degree, hBN barely has a 
charging effect

- Behavior is explained by 
respective contribution of 
individual hBN layers

Red: more charge on layer 2

Blue: more charge on layer 3



Effect of relaxation

Factor 2.5 increase 
in charge transfer



Take home message

Charge transfer from double moire can mostly be understood from single 
moire charge transfer contributions



Conclusions

- The more accurate the force-field and tight-binding model parametrization, the 
better the quantitative comparison with experiment

- Lattice reconstruction affects the analytically predicted magic angles in tNG
- Substrate affects the primary and secondary angle-dependent gaps in G-hBN
- Charge transfer in encapsulated BG can be modulated by aligning the hBN 

layers in a parallel or antiparallel manner
- Methodology easily applicable for other layered materials

Thank you for your attention. 

Questions?







Continuum and TB models
Continuum

Tight-binding

F2G2

bulk



Understanding charge distribution

Separate tNG multilayer Hamiltonian into smaller subsystems using basis of 
odd layer symmetric or even layer antisymmetric wave functions based on 
the eigenstates of opposite sign eigenvalues 

k=2, states are on 
outer layers, thus 
weaker angle 
reduction effects



Separation into elastic and potential energy maps

Extracted from LAMMPS:

- Get the atom-resolved energy maps
- Separate into elastic (only in-plane interactions) and potential (only 

out-of-plane pairwise interactions) during post-processing



t3G maps

- Layer and sublattice-resolved contributions
- Order of magnitude larger potential energy contribution: energetically favorable regions can be fully 

inferred from the potential energy
- Elastic energy shows the largest contributions in the SP regions when adding up all layer 

contributions
- L2 shows twice as large contributions compared to L1 and L3
- Chiral signatures are observed (add Ref 35, 36)



t4G maps

For increasing N, the trends can be inferred from N=3 and N=4 maps.



Magic angle predictions: explanations

- Remember: stronger coupling implies larger magic 
angle

- Largest drop for bulk: decreased coupling?
- Yes: distance increases from 3.313 Ang (AB stacked) 

to 3.328 Ang for bulk system at 2 degree. Why?
- Increasing AA contribution/weakening AB contribution 

for larger angle (weaker lattice reconstruction), 
increased estimates for average interlayer distance:



Magic angle predictions: explanations

- N-dependence of average interlayer 
distance: converges to bulk value with 
increasing N

- Monotonic decrease for fixed outer layers 
(no out-of-plane relaxation)

- Gradual convergence when allowing for 
out-of-plane relaxation in case of 
free-standing configuration

- Minimum average distance at N=14 
agrees with observed maximum angle for 
N=10

- Open question: how many layers to 
recover bulk behavior?



Electronic band structures up to N=6

- Modify S’ to get the bandstructure 
for effective angle using 
reference commensurate angle

- Minimize band-width at Gamma
- Relaxation effect: el-hole 

asymmetry, separation of high 
energy bands from low energy 
bands at Gamma

- States are mostly located on the 
inner layers

- Layer asymmetry in DOS when 
applying electric field

- E-field: gap in the case of t4G



Bulk mapping

Analogy with 1d-chain






